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Abstract—The interaction of the magnetospheric–ionospheric (MI) system surrounding the Earth with the
environment (solar wind) occurs in the form of a series of transient processes at different scales. The largest
of them, magnetic storms, are obviously triggered by disturbances in the solar wind (direct driving). The role
of the internal dynamics of the MI system, which is caused to a large extent by the nonlinearity and temporal
delays of the loading–unloading processes of energy and particle from the solar wind into the magnetosphere,
becomes more significant at smaller scales (substorms, pseudobreakups, injections, and activations). A typi-
cal dynamic state of the MI system is characterized as self-organized criticality or turbulence, which are char-
acterized by statistical scale invariance (scaling) in the f luctuation distributions of many characteristics. The
dynamics of the MI system is projected into the region of the auroral oval, the very existence of which is due
to this dynamics. The space–time structure of auroral disturbances largely reflects the structure of processes
in the MI plasma. The description of this structure is important both for studying the fundamental study of
plasma processes and for many topical applied problems related to the propagation of radio waves in the ion-
osphere and vital activity at high latitudes. The paper discusses approaches and developments for constructing
a model of the space–time structure of the auroral oval, based on fractal and multifractal characteristics.
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INTRODUCTION
The magnetospheric–ionospheric (MI) system

surrounding the Earth is an open nonlinear distributed
dynamic system in a complex structured environment,
the solar wind. Simple electrodynamic considerations
(a cavity with plasma created by the field of a perma-
nent magnet, which is f lowed around by a stream of
charged particles with a frozen magnetic field) give a
representation of the global structure of the MI sys-
tem. From general physical considerations, due to the
limited volume of the MI system and its spatial distri-
bution, interaction with the external environment
during long-term evolution brings the system to a state
in which it balances on the threshold of stability, and
it is convenient for the system to dump excess
energy/particles. Constant interaction with an inho-
mogeneous medium manifests itself, among other
things, in the form of a series of transient processes at
different scales, which largely determines the dynamics
and the very structure of the MI system. The largest of
them, magnetic storms, are apparently triggered by dis-
turbances in the solar wind (direct driving), variations
in the dynamic pressure of the solar wind and the orien-
tation of the interplanetary magnetic field (IMF). Part
of the solar-wind energy entering the MI system can
be accumulated inside in the form of energization of
plasma flows and current sheets. Therefore, the inter-
nal dynamics of the MI system also plays a role, which
is caused to a large extent by the nonlinearity and tem-

poral delays in the loading–unloading processes of
energy and particle from the solar wind into the mag-
netosphere, which becomes more significant on
smaller scales (substorms, pseudobreakups, injection,
activation) [1]. Various plasma instabilities cause local
transient processes that lead to the precipitation of
energetic particles into the atmosphere, to auroral
phenomena projected due to the configuration of the
Earth’s magnetic field into a region called the “auroral
oval” (see review [2]). Thus, the very existence of the
auroral oval is determined by the plasma dynamics in
the MI systems, in this case, the space–time structure
of auroral disturbances, reflects the structure of pro-
cesses in MI plasma [3]. The description of this struc-
ture is important both for the fundamental study of
plasma processes and for many topical applied issues
related to the propagation of radio waves in the iono-
sphere and vital activity at high latitudes [4]. Existing
models describe the boundaries of the auroral oval, at
best, with some division into types of precipitating
particle f luxes depending on the disturbance level.
However, within these boundaries, there is a signifi-
cant inhomogeneity of precipitating particle f luxes in
space and time, which plays an important role, for
example, in the formation of the structure of MI cur-
rents [5], and not only leads to local f luctuations in the
ionospheric electron concentration.

The paper discusses approaches and developments
for constructing a model of the space–time structure
185
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Fig. 1. Multifractal characteristics of a series of values of (vsw Bz) for 2000: (a) dependence of the exponent on the moment of the
structure function, (b) spectrum of singularities, and (c) the first three coefficients in the expansion of dependence ζ(q) in a Tay-
lor series.
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of auroral disturbances in the auroral oval, based on
fractal and multifractal characteristics, which should
fill a significant gap in environmental models.

METHODOLOGICAL CONSIDERATIONS

As already mentioned, the magnetospheric–iono-
spheric system of the Earth is an open nonlinear dis-
tributed dynamic system, which is far from the state of
thermodynamic equilibrium with the environment, the
solar wind. However, under the influence of the
energy/particle flux in it, the so-called “nonequilib-
rium study state” (NESS) arises from the solar wind [6],
which is maintained by dissipation in numerous
plasma instabilities and local transients (transient dis-
sipative processes) [7]. To study this state, two
approaches (languages) have historically emerged: one
is based on the concept of turbulence in the broad
sense [8], and the other is based on the concept of self-
organized criticality (SOC) [9, 10]. Both concepts,
especially their mathematical description, are an ide-
alization that can be applied to natural objects with
certain restrictions.

Both approaches are based on the property of sta-
tistical self-similarity (scaling) that often occurs in the
analysis of time series, which manifests itself in the
power-law distribution of values measured in natural
systems [11]. Such distribution means that there is
some order in seemingly random fluctuations, which
can be used for inclusion in empirical models. Next,
we present some regularities that can be used for this.

We note that it is precisely the attempts of a geo-
metric description of natural structures and their com-
plexity that led to the creation of fractal geometry [12].
The concept of self-similarity underlying this
approach implies that the elements of a structure at
different scales are statistically similar to each other.
An expansion in scale-dependent test functions yields
a power-law spectrum. In the simplest version, the
structure is described by the value of the observed
quantity I(x) at certain points {xi} of space Rn, and the
test function is the increment dI(x, s) = I(x + s) – I(x)
on spatial scale s. Statistical averaging of the value of
dI(x, s)q over all points x gives a statistical moment of
order q, S(s, q) = dI(x, s)q. It should be noted that
studies of high-order moments are limited by the
length of the available data series and, for moments
q > 6, they usually do not make sense. The power-law
dependence of the statistical moments on scale s for
small s, S(s, q) ~ sζ(q) indicates a fractal structure. With
a linear dependence of the exponent on the moment
number, ζ(q) = Hq, one speaks of a monofractal, and
with a nonlinear one, of a multifractal (Fig. 1). As far
as possible, it is better to use wavelet leaders having a
number of advantages as trial functions [13]. To char-
acterize the (multi)fractal structure, one can use the
expansion of the ζ(q) dependence in a Taylor series at
q → 0: ζ(q) = Σp≥1 cpqp/p!. In this case, the values of
the first two coefficients have a simple interpretation:
с1 = H > 0 and с2 = 0 in the case of a monofractal, and
deviation of с2 from 0 characterizes the degree of mul-
tifractality. An example of processing the multifractal
series of values for 2000 of the value (vsw Bz), the prod-
uct of the solar-wind velocity and the z component of
the IMF, is shown in Fig. 1. Structure function S(s, q)
was constructed for scales of 4–128 min, and the boot-
strap procedure was used to estimate the confidence
intervals of the approximations.

STATISTICAL RESULTS
FOR CHARACTERISTICS 

OF AURORAL TRANSIENTS
Let us consider the auroral atmospheric airglow at

night as a reflection of the transient processes occur-
ring in the MI system, regardless of the details of the
physical mechanisms in MI plasma that lead to this
glow. On the images of an aurora obtained by the all-
COSMIC RESEARCH  Vol. 61  No. 3  2023
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Fig. 2. Distribution density of the characteristics of individual auroral spots during the active phases of substorms: (a) lifetime;
(b) lifetime-integrated spot area. Black symbols are from [16] according to Polar satellite data (squares) and ground-based data
for January 19, 2001 (triangles). Lines are approximations by a power dependence: black for January 19, 2001; green for Jan-
uary 14, 2005; and red for January 28, 2001. 
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sky camera (or a camera on the satellite), we select the
connected areas (spots) of the glow that exceed a cer-
tain background value. Having a sufficiently long
record of auroras, we will trace its history for each such
spot, fixing its properties: size, integrated brightness
on the frame, and lifetime. It was shown that the sta-
tistical distribution of the characteristics of the auroral
glow regions in a wide range of scales has scaling prop-
erties characteristic of the SOC state [14–17] (see the
example in Fig. 2).

It was also shown that the obtained power expo-
nents of the statistical distributions are related to
each other by relations characteristic of critical phe-
nomena [18]. Thus, these characteristics as the size
and lifetime of the auroral spot are not completely
independent random variables, but are consistent in
a certain way. This internal matching was used, for
example, in [19] to optimize the spatial and temporal
resolution of the auroral camera, when designing a
research satellite.

The statistical features of the spatial distribution of
the auroral glow during substorm activity can also be
studied using the characteristics that are usually
applied to turbulent currents. According to television
observations of the all sky at the Barentsburg Observa-
tory (Spitsbergen), in [20, 21], the features of the
probability-density function (PDF) of auroral f luctu-
ations were studied at different spatial scales (Fig. 3).
Observable PDFs usually have a non-Gaussian shape
with heavy tails. We also analyzed the generalized
structure function (GSF) of f luctuations of the auro-
ral glow to determine the scaling properties of
moments up to the sixth order and determined the
evolution of the scaling indices during the substorm
expansion phase. The obtained scaling features can be
COSMIC RESEARCH  Vol. 61  No. 3  2023
interpreted as signs of the turbulent motion of the
magnetospheric–ionospheric plasma.

Using newer data from the ALIS system cameras,
the scaling in auroras was analyzed in [22] using loga-
rithmic diagrams constructed using the discrete wave-
let transform of the data [23], as well as the functions
of the standard deviation, excess, and fluctuation-
probability density. It was shown that the images of
substorm auroral forms are close to self-similarity.
Aurora f luctuations in different emission lines exhibit
very similar scale behavior. A comparison was made
with the electric field f luctuations observed by the
Dynamics Explorer 2 satellite under substorm condi-
tions. It was shown that the signs of intermittency in
turbulent characteristics are more pronounced for
substorm electric fields than for auroral f luctuations.

RESULTS: CHARACTERISTICS 
OF INDIVIDUAL TRANSIENTS

Not only in statistics, but also within an individual
auroral transient, there are various similarities between
space–time scales.

Estimates of the dimension of isolines of equal
intensity in images containing auroras carried out by
the simplest method of box dimension were given in
[24, 25]. The spectra of the dimension of the isolines,
the dependences of the dimension on the level, for
which the isoline was built, were obtained. These
spectra make it possible to localize the auroral form
from the background glow, identify the range of glow
intensities associated with the most developed struc-
tures in the auroral form, and trace the development of
the structure of the auroral glow region. It was shown
that there usually exists a level the isoline dimension of
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Fig. 3. Typical distributions of the glow intensity during the recording of the auroras on January 19, 2001: (a) the number of pixels
vs. the intensity for 20-s intervals, color indicates the beginning of the interval; (b) intensity f luctuations vs. scale, for an interval
of 20 s, beginning from 22:26:20 UTC. Data from [21]. 
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which can numerically characterize the spatial struc-
ture of the aurora on a single frame. The dimensions of
isolines for diffuse shapes turn out to be larger than for
more clearly localized arcs, which is intuitively clear.

In [26], the evolution of the scaling index charac-
terizing f luctuations of the auroral glow at the begin-
ning of the substorm explosive phase was studied. The
images of the ultraviolet imager (UVI) from the Polar
satellite show that this index usually varies from values
less than unity to 1.5, increasing as the auroral breakup
develops (Fig. 4). Similar scaling features have previ-
ously been noted for f luctuations on smaller scales
from television observations of the all sky. If this
behavior is interpreted in terms of nonlinear interac-
tions between scales, then this means that the power of
small-scale f luctuations is transferred over time to
larger scales, a kind of reverse turbulent cascade. The
scaling behavior in auroras during substorm activity
was compared with the scaling behavior of a system of
field-aligned current filaments simulated numerically
using the model of nonlinear interactions of Alfvén
coherent structures according to the scenario of [27].
This scenario also assumes a reverse cascade, which
manifests itself in the combination of small-scale fila-
ments of field-aligned currents of the same polarity
and the formation of coarse-grained structures of
field-aligned currents.

A similar behavior is observed not only during sub-
storm disturbances. In [28], a similar behavior of the
scaling index is observed, in which the perturbation of
the transpolar arc is activated in the northward direc-
tion of the IMF. Thus, scaling is present in the struc-
ture of the auroral glow. In this case, it seems that it
underlies the processes that lead to auroral transients,
regardless of their morphological classification.

To numerically estimate the degree of complexity
(the number of degrees of freedom) of the processes,
the approach from study [29] and the Grassberger–
Procacci algorithm [30] to data of optical observations
[31–33] were used in a number of studies. Estimates
were obtained for the cases of pulsating auroras, sub-
storm intensifications, and variations in the number of
degrees of freedom during the development of an
auroral disturbance.

RESULTS AND DISCUSSION
Some questions regarding signs of self-similarity

and models leading to such manifestations require
additional discussions.

On triggering in the SOC system. Strictly speaking,
self-organization into a critical state under the action
of a nonspecific (not explicitly imposing a structure)
infinitely slow external influence, which is declared in
the SOC concept, is not fulfilled for the terrestrial MI
system. The solar wind also has a complex structure
(see Fig. 1), and its effect on the terrestrial MI system
cannot be considered weak. Nevertheless, in this case,
the main conditions for the emergence of a state close
to the SOC can be considered: (1) the system is lim-
ited, (2) the existence of energy (mass) f lux from the
external environment into the system, (3) the possibil-
ity of energy (mass) accumulation in the system with a
nonlinear reset–redistribution threshold within the
system, and (4) the inflow and outflow from the sys-
tem are separated by space–time scales. Under such
COSMIC RESEARCH  Vol. 61  No. 3  2023
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Fig. 4. UVI images from the Polar satellite (a) before and (b) during the aurora activation on February 7, 2000, the calculation
area is marked with a rectangle; (c) evolution of the scaling index. Data from [26]. 
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Fig. 6. Schematic comparison of the state of the magneto-
sphere and the external disturbance dBz near the times of
the beginning of the substorm (according to data from [34]). 

120

40

60

W
�,

 d
eg

23
4

5 6
7

8 9

10

11
1213

5
0

5dB
z,

 n
T
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tem of current filaments interacting due to Ampère forces:
(a) current distribution at the beginning (20 s) and near
the maximum of transient development (60 s); (b, c) evo-
lution of the first two cumulants (expansion according to
formula (1)), characterizing the dynamics of the multi-
fractal structure. 
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conditions, the system tends to a state in which all res-
ervoirs in the internal phase space are close to the
overflow threshold.

In a state close to critical, transient processes are
possible that are directly triggered by disturbances in
the external environment. There are many studies in
the literature devoted to the comparison of triggered
and spontaneous substorm disturbances of the magne-
tosphere depending on the features in the solar wind
(usually, the most effective is considered to be a turn
from the south to the north direction of the IMF, or
variations in the dynamic pressure of the solar wind)
(Fig. 5).

Depending on the internal state of the MI system,
proximity to the threshold of the occurrence of a tran-
sient process, this triggering pulse can be more or less
pronounced. In [34], for 13 substorm disturbances,
angle χ between the magnetic-field vector and the
solar-magnetospheric equator in the near tail of the
nighttime magnetosphere was used as a characteristic
of the energy accumulated in the magnetosphere
according to GEOS-2 satellite data. Events were
selected for Kp ≥ 4, when the satellite entered the
region near the outer boundary of energetic particles.
The smaller angle χ, the more stretched the magnetic
field (it deviates from the dipole one) and the more
energy is accumulated in the current system of the
magnetotail. Smooth stretching at the preliminary
phase of a substorm allows substorms to be ordered for
comparison (see the diagram shown in Fig. 6). With
the beginning of the substorm active phase, the mag-
netic field returns to a more dipole state (dipoliza-
tion). For different events, the beginning of dipoliza-
tion occurs at different angles. The disturbances
observed in the IMF near the beginning of dipoliza-
tion according to the IMP-8 (Interplanetary Monitor-
ing Platform) and ISEE-3 (Interplanetary Sun-Earth
Explorer) satellite data are shown in Fig. 6 at the bot-
tom. For a weakly elongated magnetic field configura-
tion, the external disturbance was stronger before the
substorm. Under the conditions of a highly tail-elon-
gated configuration, a substorm can develop sponta-
neously with insignificant external disturbances.

Evolution of multifractal characteristics of transients.
Signs of intermittency in the study of f luctuations in
the magnetospheric plasma were noted by many
authors according to various data. Fluctuations of the
auroral glow also showed such features [20, 22]. In the
general case, this means that f luctuations have not just
a fractal, but a multifractal structure. In [2], a compar-
ison of the dynamics of transient processes in four dif-
ferent models of two-dimensional distributed systems
is performed: the cellular automaton of the Zang
model (sand-pile model), damped turbulence in a liq-
uid, the MHD model (magnetogasdynamic) of current
filaments interacting due to Ampère forces (Fig. 7), and
a dusty plasma crystallization model. The spatial dis-
tribution of two-dimensional fields was studied using
COSMIC RESEARCH  Vol. 61  No. 3  2023
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Fig. 8. An example of a multiplet arc recorded during the
event on February 4, 2014, in Apatity, 18:04:20 UTC. The
overlaid graph in polar coordinates shows the angular
dependence of scaling index α.

18.04.20

321

3

2

1

the multifractal formalism described in Methodologi-
cal Considerations. It is shown that the evolution of
spatial structures arising from a random initial state
has common regularities, despite the significant dif-
ference between the connections acting in the simu-
lated systems: (1) self-similarity index с1 grows and
reaches saturation and (2) the multifractality parame-
ter с2 decreases, moving away from 0 with the develop-
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ment of the transient process (the width of the multi-
fractal spectrum increases), and then returns to zero
(see Fig. 7).

That is, it is multifractality that is characteristic of
transients in distributed systems, and proximity to
monofractality is typical of the decay phase of tran-
sients.

Anisotropy of fractal indices. It should be noted that,
in many cases, the structure of the auroral glow has a
clear anisotropy. Figure 8 at the top shows an example
of an image of a multiple (multiplet) auroral arc
observed on February 4, 2014, in Apatity (Murmansk
oblast). The images were recorded by a camera with a
diagonal field of view of 67° (camera 4 in the green
channel, see Table 1 in [35]). For this structure,
dimension df can be estimated from linear sections
from the relation df – 1 = (α – 2)/2. Here, α is the scal-
ing index obtained from logarithmic diagrams con-
structed using discrete wavelet decomposition [23], and
corrections for distortions discussed in [36] are taken
into account. Figure 8 shows a graph over the image
representing the angular dependence of scaling index α.
The index value is expressed as a radial distance, and
the angle indicates the direction of the linear cross
section of the image used to calculate the index.
Dashed circles mark the extreme values of the scaling
factor. The direction perpendicular to the arcs corre-
sponds to the north–south direction. The development
of the structure in dynamics can be seen in Fig. 9 at the
. Top: north–south auroral keogram. Bottom: black (gray) line
g) the auroral structure. 
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top, which shows an auroral keogram constructed
from meridional sections of camera images in the
interval 18:00–18:09 UTC (Coordinated Universal
Time). Figure 9 at the bottom shows the time evolu-
tion of scaling index α in the direction perpendicular
and parallel to the direction of the arcs. As can be seen,
in this case, the main dynamics is observed in the per-
pendicular structure. As is shown in [5, 37], the fractal
structure of auroral precipitations is probably associ-
ated with the maintenance of the f low (percolation) of
the ionospheric–magnetosphere current system.

CONCLUSIONS
From the above, the following conclusions can be

drawn.
(1) The auroral oval reflects the dynamics of the

magnetospheric–ionospheric system controlled by
both the external environment and internal processes.

(2) Existing models do not describe the internal
structure of auroral f luxes of charged auroral particles.

(3) Along with regular structures (arcs, pulsating
spots), self-similarity (power-law distributions) is
present in the structure of auroral precipitation in both
statistical distributions and in individual transient pro-
cesses.

(4) The description of these structures can be
included in the model using representations of fractal
geometry.

At the same time, the following features of auroral
structures should be kept in mind.

(1) Anisotropy of aurora and, consequently, their
fractal characteristics.

(2) In the general case, the multifractality of non-
equilibrium transients, which include the observed
processes in the magnetospheric–ionospheric system.
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